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Abstract. We calculate the stress tensor for a quasi-spherical vesicle and we thermally average it in order
to obtain the actual, mechanical, surface tension τ of the vesicle. Both closed and poked vesicles are
considered. We recover our results for τ by differentiating the free-energy with respect to the proper
projected area. We show that τ may become negative well before the transition to oblate shapes and that
it may reach quite large negative values in the case of small vesicles. This implies that spherical vesicles
may have an inner pressure lower than the outer one.
PACS. 87.10.-e Biological and medical physics: general theory and mathematical aspects – 87.16.dj Mem-
branes, bilayers, and vesicles: dynamics and fluctuations
1 Introduction
Biological membranes are nanometer-thick sheets com-
posed essentially of a bilayer of phospholipids [1]. Although
very thin, they form a barrier for ions and larger molecules.
They are thus essential for cells, forming a protection from
the external media and preventing diffusion. Moreover,
they are fluid and very flexible, exhibiting a strong resis-
tance to area change but no shear resistance. As a conse-
quence, they present large thermal fluctuations [2].
Bilayers composed of one single type of phospholipid
are usually used to study the physical properties of mem-
branes. For this purpose, unilamellar vesicles, consisting
of one closed bilayer, are widely used in experiments. Dif-
ferent techniques allow to obtain these vesicles, whose size
range from a few tens of nanometers to a hundred of mi-
crometers (giant vesicles) [3,4,5]. They appear in several
fluctuating shapes, depending on the enclosed volume V ,
on the total area A and on the area difference between the
monolayers [6,7].
For liquid interfaces, the surface tension is a constant
depending only on the nature of the phases in contact.
The situation for membranes is quite different. Membranes
consist of a fixed number of insoluble lipids possessing an
equilibrium density. Mechanically, the tension depends on
the lipid density but also on the curvature of the mem-
brane [8,9,10]. Nonetheless, for fluid membranes, the con-
cept of surface tension is threefold: (i) Experimentally,
one measures a tension r from the quadratic dependence
in the wavenumber of the fluctuation spectrum [2]. (ii)
a e-mail: camilla.barbetta@m4x.org
Theoretically, one can introduce in the Hamiltonian a La-
grange multiplier σ multiplying the total membrane area.
In principle r can be deduced from σ by renormalization
procedures [11,12]. (More accurately, one may fix the total
membrane area by a constraint [13] or, even better, keep
the lipid density as a parameter [8].) (iii) Experimentally,
one measures another tension, τ , through the pressure dif-
ference across the membrane by means of the Laplace rela-
tion [14,15]. In principle, this is the actual (macroscopic)
tension, since it corresponds to the average force that is
exerted tangentially to the average membrane’s surface.
In principle, τ can be calculated by differentiating the to-
tal free-energy with respect to the projected area [12], but
this is a tricky matter [16]. The confusion associated with
these different tensions inspired many articles [11,12,16,
17,18,19,20,21].
Recently, a new method was introduced to calculate
τ , based on thermally averaging the stress tensor of the
membrane [16]. It has the advantage to be directly related
to the very definition of τ . This method was applied to
planar membranes and it was shown that the expression
of τ obtained in this way coincides with that obtained
from carefully differentiating the total free-energy [16].
The aim of this paper is to calculate the surface tension
τ of quasi-spherical vesicles by using the same method
as in [16], i.e., by averaging the stress tensor. There are
several interesting questions that we shall address:
1. What is the difference between τ for a vesicle and τ
for a planar membrane? Is there a characteristic radius
over which they coincide?
2. How does the volume constraint influence the expres-
sion for τ?
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Fig. 1. Parametrization in spherical coordinates of a vesicle
(bold line) fluctuating around a reference sphere (dashed line).
The inset shows the force exchanged through a cut that sepa-
rates region 1 and region 2.
3. Can one obtain τ by differentiating the total free-energy
with respect to the projected area? If yes, what does
projected area mean in the case of a vesicle?
4. Can τ become negative (in this case the Laplace pres-
sure would be inverted with respect to the normal sit-
uation)?
Our paper is organized as follows. In sec. 2 we pre-
cisely define the system under study and we work out the
membrane stress tensor in spherical coordinates. Then we
calculate the various correlation functions involved in the
vesicle’s shape fluctuations. In sec. 3, we use these cor-
relation functions to calculate τ by thermally averaging
the stress tensor. We discuss the relation between τ and
the membrane excess area. In sec. 4, we succeed in recov-
ering τ by differentiating the free-energy with respect to
the vesicle’s area and we discuss the influence of the vol-
ume constraint. In sec. 5 we summarize our results and we
discuss the issue of negative tensions.
2 Stress tensor and fluctuation spectrum
2.1 Effective Hamiltonian and parametrization
We consider a quasi-spherical vesicle with fixed area A
and fixed volume V . Its shape is parametrized in spherical
coordinates by (see Fig. 1)
r = R [1 + u (θ, φ)] er , (1)
where u≪ 1. A convenient choice for the reference sphere
is R = (34V/π)
1/3, corresponding to the sphere of volume
V [13]. The volume and area constraints read:
V =
1
3
R3
∫ pi
0
dθ
∫ 2pi
0
dφ [1 + u (θ, φ)]3 sin θ , (2)
A = R2
∫ pi
0
dθ
∫ 2pi
0
dφ (1 + u)
×
√
(1 + u)2 sin2 θ + u2φ + u
2
θ sin
2 θ . (3)
Here, and in the following, ui ≡ ∂u/∂i, uij ≡ ∂2u/∂i∂j,
where i, j ∈ {θ, φ}. Latin indices will denote either θ or
φ, not r.
There are three variants of the free-energy describ-
ing the elasticity of a fluid vesicle: i) the “spontaneous
curvature”, or Helfrich model [22], ii) the “bilayer cou-
ple” model [23,24], and iii) the “area-difference elasticity”
model [7,25,26], the latter being the most accurate [7].
As shown by Seifert [13], the three models are all equiv-
alent in the quasi-spherical limit to the minimal Helfrich
model, i.e., to the spontaneous curvature model with van-
ishing spontaneous curvature [22]. We therefore adopt the
latter, which corresponds to the free-energy, or effective
Hamiltonian: H = 2κ
∫
dS C2, supplemented by the area
and volume constraints. Here the integral runs over the
vesicle’s surface, C is the local mean curvature of the mem-
brane and κ is the bending rigidity constant. While the
volume constraint is quite easy to implement, it is diffi-
cult to handle the surface constraint exactly [13]. We shall
therefore use the traditional approach, in which the area
constraint is approximatively taken into account by means
of a Lagrange multiplier σ playing the role of an effective
surface tension. As discussed in Ref. [13], the latter ap-
proach gives correct results in the small excess area limit
(in which we shall place ourselves).
Thus, the effective Hamiltonian we shall use is
H =
∫
dS
(
2κC2 + σ
)
, (4)
together with the volume constraint (2). Explicitly, in
terms of u(θ, φ), the Hamiltonian reads
H =
∫
dθ dφh(u, {ui}, {uij}) , (5)
with [28,29]:
h =
(
2κ+R2σ
)
sin θ
+ 2 sin θ
[
R2σ u− κ (uφφ csc2 θ + uθ cot θ + uθθ)]
+
1
2
sin θ
[
2R2σ u2 + (2κ+R2σ)(u2θ + u
2
φ csc
2 θ)
+ κ
(
uθ cot θ + uφφ csc
2 θ
)2
+ κuθθ(uθθ + 4u)
+ 2κ(uθθ + 2u)
(
uθ cot θ + uφφ csc
2 θ
)]
+O(u3) . (6)
2.2 Stress tensor components
Let us consider an infinitesimal cut at constant longitude
(φ constant) separating a region 1 from a region 2 (see
Fig. 1). The normal to the projection of this cut onto the
reference sphere is m = eφ. By definition, the projected
stress tensor Σ in spherical geometry relates linearly the
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force dF that region 1 exerts on region 2 to the angu-
lar length ds = dθ of the projection of the cut onto the
reference sphere:
dF = Σ ·m ds = (Σθφ eθ +Σφφ eφ +Σrφ er) dθ. (7)
Likewise, for a cut at constant latitude (θ constant), with
m = eθ and ds = dφ, we have
dF = Σ ·m ds = (Σθθ eθ +Σφθ eφ +Σrθ er) dφ. (8)
For an oblique cut, dF is obtained by decomposing m
along eφ and eθ.
The projected stress tensor associated with the Hamil-
tonian of the minimal Helfrich model has been calculated
in planar geometry [10] and in cylindrical geometry [27]
(see also Ref. [9] for the original covariant formulation).
The derivation in spherical geometry is lengthier but it
follows the same route, which we sketch now. We consider
a patch of membrane delimited by a closed curve, corre-
sponding to a domain Ω on the reference sphere enclosed
by ∂Ω. The membrane within the patch is assumed to be
deformed, at equilibrium, by means of a distribution of
surface and boundary forces (and a distribution of bound-
ary torques). To each point of the patch, we impose an
arbitrary displacement δa = δar er+ δaθ eθ + δaφ eφ that
keeps constant along the boundary the orientation of the
membrane’s normal n (in this way the torques will pro-
duce no work). On the one hand, the boundary energy
variation reads (after integration by parts):
δH =
∫
∂Ω
dsmi
[
h δi+
(
∂h
∂ui
− ∂i ∂h
∂uij
)
δu+
∂h
∂uij
δuj
]
,
(9)
where ds is the arc-length in the (θ, φ) space, h is given
by eq. (6), m is the normal to ∂Ω, and δi ∈ {δθ, δφ}
corresponds to the variation of ∂Ω. On the other hand,
the work of the force exerted through the boundary reads
δH =
∫
∂Ω
ds δa ·Σ ·m . (10)
By identifying eqs. (9) and (10), one can obtainΣ. Details
of this calculation, as well as all the components of the
stress tensor are given in appendix A. In particular, we
obtain
Σθθ =
1
2R
{
R2σ sin θ
(
2 + 2u+ u2φ csc
2 θ − u2θ
)
+ κ
[
u2φφ csc
3 θ − u2θθ sin θ
+ 2uθ (uθφφ csc θ + uθθθ sin θ)]
+ κ csc θ
[
2u2φ − u2θ cos2 θ − 2uφφ (1 + uθ cot θ)
]
+ 4κu csc θ
(
uφφ − uθθ sin2 θ
)
+ 2κ [uθθ (sin θ + uθ cos θ) + (2u− 1)uθ cos θ]
}
+ O(u3) . (11)
2.3 Thermal averages and fluctuation spectrum
In order to calculate the vesicle’s mechanical tension τ ,
we need to determine the thermal average 〈Σθθ〉. To this
aim, we perform the standard decomposition of u(θ, φ) in
spherical harmonics [13,28,29]:
u(θ, φ) =
u0,0√
4π
+
∑
ω
ul,mY
m
l (θ, φ) , (12)
with ul,−m = (−1)mu∗l,m and
∑
ω
≡
L∑
l=2
l∑
m=−l
, (13)
L being a high wavevector cutoff (see below). Note that
the modes l = 1, which correspond to simple translations,
are discarded.
In terms of ul,m and up to order u
2, eq. (2) takes the
form:
V = R3
[
4π
3
(
1 +
u0,0√
4π
)3
+
∑
ω
|ul,m|2
]
. (14)
The volume constraint V = 43πR
3 (recall the definition of
R) implies therefore [13]:
u0,0 = − 1√
4π
∑
ω
|ul,m|2 . (15)
With the help of the relation:
cot θ
∂Y ml
∂θ
+csc2 θ
∂2Y ml
∂φ2
= −∂
2Y ml
∂θ2
− l (l + 1)Y ml , (16)
and using eq. (15), one obtains then [13]:
H = 4πR2σ +
1
2
∑
ω
H˜l |ul,m|2 +O(u3) , (17)
where
H˜l = κ (l − 1) (l + 2)
(
l2 + l + σ¯
)
. (18)
Here,
σ¯ =
σ
κ/R2
(19)
is the reduced tension. Note that we have discarded in H
a constant energy term, 8πκ.
We emphasize that negative values of σ¯ are allowed [13].
Indeed, the minimum of the Hamiltonian (17) corresponds
for σ¯ > −6 to a perfectly spherical vesicle (ul,m = 0,
∀l ≥ 2). The mean-field transition to an oblate shape oc-
curs thus at σ¯ = −6 (non harmonic terms being then
needed to stabilize the system).
Standard statistical mechanics yields then 〈ul,m〉 = 0,
∀l 6= 0, and
〈ul,m ul′,m′〉 = (−1)m kBT
H˜l
δl,l′ δm,−m′ , (20)
where kBT ≡ 1/β is the temperature in energy units.
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We may now calculate the fluctuation amplitudes. Us-
ing eq. (20) and the addition theorem for spherical har-
monics:
l∑
m=−l
Y ml (θ, φ)Y
m
l (θ, φ)
∗ =
2l+ 1
4π
, (21)
we obtain
〈u〉 = 〈u0,0〉√
4π
= − 1
4π
∑
ω
〈|ul,m|2〉
= −kBT
4π
L∑
l=2
2l+ 1
H˜l
(22)
〈u2〉 =
∑
ω
∑
ω′
Y ml (θ, φ)Y
m′
l′ (θ, φ)〈ul,m ul′,m′〉
=
∑
ω
kBT
H˜l
Y ml (θ, φ)Y
m
l (θ, φ)
∗
=
kBT
4π
L∑
l=2
2l + 1
H˜l
= −〈u〉 , (23)
〈u2φ〉 = sin2 θ
kBT
4π
L∑
l=2
l (l + 1) (2l+ 1)
2H˜l
, (24)
〈u2θ〉 =
kBT
4π
L∑
l=2
l (l + 1) (2l+ 1)
2H˜l
, etc. (25)
The correlations of the other derivatives of u are given
in appendix B. Note the interesting relation 〈u〉 = −〈u2〉
(valid at second order in u), showing how the temperature-
dependent fluctuations affect the mean-shape.
2.4 Cutoff
The large wavenumber cutoff L should be related with
the smallest wavevector allowed, Λ ≈ a−1, where a is a
length comparable to the membrane thickness (i.e., π/Λ
of the order of a few times a). With spherical harmonics,
however, this is not easy to implement. The requirement
that we should recover the planar limit for large values of
R will guide us.
For a square patch of fluctuating membrane with refer-
ence area Ap and periodic boundary conditions, the wave-
vectors are quantified according to q = 2π
√
Ap (nx, ny),
where nx and ny are integers and |q| < Λ. The number of
modes is then πΛ2/(2π/
√
Ap)
2 and the number of modes
per unit area is
Nmodes
Ap
=
Λ2
4π
. (26)
For the vesicle, we have
Nmodes
Ap
=
1
4πR2
L∑
l=2
(2l+ 1) =
(L− 1) (L+ 3)
4πR2
. (27)
Asking that the number of degree of freedom per unit
area (per lipid, in some sense) be the same in both case,
we require these two quantities to be equal. Hence, we get
(L− 1) (L+ 3) = Λ2R2 , (28)
which gives L = ⌊√4 +R2Λ2− 1⌋ (⌊x⌋ is the integer part
of x). In the limit R≫ Λ−1, this gives simply L ≃ ΛR.
2.5 Validity of the Gaussian approximation
Since our calculations are limited to O(u2), we should
check, in principle, that higher order terms are negligi-
ble. In practice this is not feasible. To check the smallness
of u (which is especially critical in the case σ ≤ 0) we shall
require:
〈u2〉 = kBT
4πκ
L∑
l=2
2l+ 1
(l− 1) (l + 2) (l2 + l + σ¯) ≤ U
2
max . (29)
To be definite, in the following we shall take
Umax = 5% . (30)
Note that the presence of the factor (l2 + l + σ¯) in the
denominator of eq. (29), together with the condition l ≥ 2,
implies σ¯ ∈ [−6,∞], as already discussed.
Solving condition (29) for the typical values Λ−1 ≃
5 nm, κ = 25 kBT , and taking Umax = 0.05, we find
σ¯ ≥ σ¯min ≈ −4 , (31)
almost independently of R. It follows that negative ten-
sions σ are in fact within the validity range of our Gaussian
approximation.
An interesting control parameter is the excess area,
defined by
α =
〈A〉 −Ap
Ap
=
kBT
8πκ
L∑
l=2
2l + 1
l2 + l + σ¯
. (32)
Our validity condition (31) yields α ≤ αmax, with αmax
shown in fig. 2. One can see that αmax ≈ c1 + c2 lnR,
where c1 and c2 are constants. Indeed, the sum in eq. (32)
is dominated by the modes l = 2 and l = 3, the rest being
well approximated for σ¯ = O(1) by an integral propor-
tional to lnR.
3 Actual mechanical surface tension
Our aim is to calculate the mechanical tension τ of the
vesicle. Imagine replacing the fluctuating vesicle by a shell
coinciding with its average shape. The actual mechanical
tension τ is the average force per unit length that is ex-
erted tangentially to the shell’s surface. Because of the
spherical symmetry, we may evaluate it at any point in
any direction. Let us consider at (θ, φ) a cut with θ con-
stant of extension dφ. The component along eθ of the force
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Fig. 2. Maximum excess area corresponding to
√
〈u2〉 < 0.05,
which we take as the validity criterion of our Gaussian approx-
imation. In abscissa is the vesicle’s radius. Here, Λ−1 ≃ 5 nm
and κ = 25 kBT .
exchanged through the cut is on average 〈Σθθ dφ〉. The
length of the cut is on average 〈R(1 + u) sin θ dφ〉. Hence,
τ =
〈Σθθ〉
R sin θ (1 + 〈u〉) . (33)
Since 〈u〉 = −〈u2〉, because of the volume constraint, and
since Σθθ = σR sin θ +O(u), we obtain equivalently
τ =
1
R sin θ
〈Σθθ〉+ σ〈u2〉+O(u3) . (34)
Using eq. (11) and the results obtained in sec. 2.3 and
appendix B we obtain
τ = σ − kBTκ
8πR2
L∑
l=2
(l − 1) l (l + 1) (l+ 2) (2l + 1)
H˜l
(35)
= σ − kBT
8πR2
L∑
l=2
l (l + 1) (2l+ 1)
l2 + l + σ¯
. (36)
As expected this result is independent of point (θ, φ) where
the calculation was made.
We show in fig. 3 the behavior of τ as a function of
the excess area α, obtained numerically from eqs. (36)
and (32). This presentation is the most physical, because
τ and α are both measurable, while σ is not. There are
several salient points:
1. The results for τ deviate from the flat limit (R →∞)
essentially for R ≤ 1µm.
2. Negative and quite large values of τ are indeed acces-
sible.
3. There exists a well defined excess area corresponding
to τ = 0. Since, as we shall show, the curves in fig. (3)
are similar without the volume constraint, this value
corresponds to the spontaneous excess area taken up
by a poked vesicle (vanishing Laplace pressure).
4. There is a plateau at large values of α, which probably
corresponds to the actual transition to oblate shapes.
Fig. 3. Mechanical tension τ as a function of the excess area
α, for κ = 10−19 J, kBT = 4× 10
−21 J and Λ = (5 nm)−1. The
dashed lines correspond from the left to the right to vesicles of
radiuses: R = 50nm, R = 0.5µm and R = 5µm. The solid gray
line corresponds to a flat membrane, eq. (39). The end-points
indicate the limit beyond which our Gaussian approximation
is no longer valid according to sec. 2.5. The curves for τ given
by eq. (49) (poked vesicles) are qualitatively similar.
It occurs for τ¯ ≡ τR2/κ < −6, i.e., below the mean-
field threshold (see the discussion after eq. (19)). The
high symmetry phase (spherical vesicle) is thus stabi-
lized by its entropic fluctuations, as one might have
expected.
We have also calculated the normal and orthogonal
components of the tension. They vanish: 〈Σrθ〉 = 0 and
〈Σφθ〉 = 0. While the latter result is obvious on symme-
try grounds, the former one is interesting, implying that
the shell mentioned above can indeed be considered as a
purely tense surface. (This would probably not hold for
a vesicle with a non-spherical average shape.) As a con-
sequence, the Laplace law can be used without curvature
corrections for a fluctuating quasi-spherical vesicle—if one
uses τ instead of σ. Indeed, this could be expected from
renormalisation arguments, since the Laplace law is exact
(despite the curvature energy) for a perfectly spherical
membrane [15].
It is interesting to examine τ in the limit of large vesi-
cles. In this case, the sum in eq. (36) may be replaced by
an integral:
τ − σ ≈ − kBT
8πR2
∫ RΛ
2
dl
l (l + 1) (2l+ 1)
l2 + l+ σ¯
(37)
≈ −kBT Λ
2
8π
[
1− σ
κΛ2
ln
(
1 +
κΛ2
σ
)]
+O
(
Λ
R
)
.
(38)
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Fig. 4. Spontaneous excess area, corresponding to τ = 0, as
a function of the vesicle radius. The dashed line gives the flat
membrane limit α0. The material parameters are the same as
in fig. 3.
The dominant term in eq. (38) correctly matches the ex-
pression of τ − σ for flat membranes [16]. In this case,
the relation between α and σ is analytical [30], yielding
σ = κΛ2/[exp(8πβκα) − 1] and
τflat(α) =
κΛ2 (1 + α)
e8piβκα − 1 −
kBTΛ
2
8π
, (39)
which is shown in fig. 3.
Finally, we show in fig. 4 the excess area corresponding
to a vanishing lateral tension (τ = 0). Its value is very
much radius dependent for R ≤ 1µm, but one recovers for
R ≥ 2µm the flat membrane limit [16]:
α0 =
ln (8πβκ)
8πβκ
. (40)
4 Derivation using the free-energy
For a flat membrane, one may also obtain τ by differ-
entiating the free-energy with respect to the projected
area Ap [12,20,21,16], but there are two pitfalls [16]. One
must: i) take the thermodynamic limit (Ap →∞) only af-
ter the differentiation, and ii) introduce a variation of the
cutoff in order that the total number of modes remains
constant during the differentiation, as discussed in [21].
Let us investigate the free-energy method in the case
of quasi-spherical vesicles. The free-energy, F , is given by
F = − 1
β
ln
∫
D[r] e−βH , (41)
the integral running over all the configurations of the vesi-
cle. At the Gaussian level, H is given in terms of spherical
harmonics by eq. (17), and since r = R er + Ru(θ, φ) er,
we may write (in agreement with Ref. [13]):
D[r] =
L∏
l=2
(
l∏
m=0
RduRl,m
)(
l∏
m=1
RduIl,m
)
, (42)
where the superscriptsR and I signify real part and imag-
inary part, respectively. This measure corresponds to the
so-called normal gauge, which is known to be correct for
small fluctuations [13]. We note that the radius R of the
reference sphere appears explicitly and that for each value
of l, only half of the allowed values of m have to be con-
sidered, as r is real.
Performing the Gaussian integrals yields
F = 4πR2σ + kBT
L∑
l=2
2l+ 1
2
ln
(
βH˜l/R
2
)
. (43)
In order to obtain τ , we must differentiate F with respect
to the vesicle’s “projected area” Ap. Which one, however?
The area 4πR2 of the reference sphere (i.e., the sphere
having the same volume as the vesicle’s), or the area of the
vesicle’s average shape, defined as Am = 4π〈R(1 + u)〉2?
It will turn out that the former choice is the correct one.
In a sense, this is natural because it corresponds to our
parametrization. However, it is not that obvious, because
the definition of τ in eq. (33) involves the area of the
average vesicle’s shape.
Let us thus pick Ap = 4πR
2. It is worth noticing that
H˜l depends on Ap only through σ¯ = σR
2/κ, yielding
∂H˜l
∂R2
= (l− 1) (l + 2)σ . (44)
With the choice:
τ =
∂F
∂Ap
=
1
4π
∂F
∂R2
, (45)
we obtain
τ = σ − kBT
8πR2
L∑
l=2
l (l + 1) (2l+ 1)
l2 + l + σ¯
, (46)
which is identical to the result obtained from the stress
tensor approach, eq. (36). How about the pitfalls men-
tioned above? First, we didn’t take the thermodynamic
limit before differentiating. (Actually, this would not be
problematic, since the quantification of the modes does
not involve the size of the system, like it is the case for pla-
nar membranes.) Second, we kept L (hence the number of
modes) constant during the differentiation, in agreement
with the fact that L = ⌊√4 +R2Λ2 − 1⌋ is constant for a
mathematically infinitesimal change of R.
We may obtain a more intrinsic expression for τ . With
〈A〉 = Ap(1+α), where α is given by eq. (32), andNmodes =∑L
l=2(2l+ 1), we may rewrite τ as
τAp = 〈A〉 σ − kBT
2
Nmodes . (47)
The quickest way to this result is to keep separate, when
differentiating with respect to R2, the two terms coming
from ln(H˜l) and ln(1/R
2) in eq. (43). The interpretation of
this equation is not straightforward, because 12kBT is the
internal energy per mode (not the free-energy per mode).
Note that the same form for τ is also valid in the planar
case, as shown in [21] (with further justifications in [16]).
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In addition, we have checked that differentiating F
with respect to Am = 4π[R(1 + 〈u〉)]2, which differs from
4πR2 by terms of O(u2), gives a wrong result (in the sense
that it differs from the result obtained by the stress tensor
method).
4.1 Poked vesicle
In the case where the volume is unconstrained, e.g., a vesi-
cle poked by a micropipette or by specific proteins, the
natural choice for the reference sphere (of radius R) is
the average vesicle’s shape. By definition, then, u0,0 = 0,
which implies Am = 4πR
2. In this case, the Hamiltonian
in the Gaussian approximation becomes:
H ′ = 4πR2σ +
1
2
∑
ω
H˜ ′l |ul,m|2 , (48)
where H˜ ′l = H˜l + 4κσ¯ [20]. Equation (35), which gives τ
by the stress tensor method, is valid whatever the form of
H˜l. Hence, we need just replace H˜l by H˜l + 4κσ¯, which
yields:
τ ′ = σ − kBT
8πR2
L∑
l=2
l (l + 1) (2l + 1)
l2 + l+ σ¯ + 4σ¯(l−1)(l+2)
. (49)
(To avoid confusions, we denote here by τ ′ the mechanical
tension in the case of poked vesicles.) Although eqs. (49)
and (36) differ mathematically, it turns out that their dif-
ference is numerically irrelevant. Indeed the extra term
4σ¯/[(l − 1)(l + 2)] in the denominator of eq. (49) is only
important for small l’s while the sum is dominated by
large l’s.
The free-energy, is given by the same expression as
eq. (43) with H˜l replaced by H˜
′
l :
F ′ = 4πR2σ + kBT
∑
l
2l + 1
2
ln
(
βH˜ ′l/R
2
)
. (50)
It turns out, again, that τ ′ = ∂F ′/∂(4πR2) exactly. This
result is satisfying, but at the same time it shows how
slippery the free-energy approach can be: differentiating
with respect to the area of the average vesicle is correct
in the case of poked vesicles but not in the case of closed
vesicles. The stress tensor method is thus a much safer
method.
Our expression for τ ′ differs from that obtained in
Ref. [20], where the authors considered also a spherical
membrane without volume constraint. In particular, the
mechanical tension obtained in that reference cannot take
negative values. We believe that the discrepancy between
the two results comes from the omission in Ref. [20] of the
factors R within the measure. Indeed the factor 1/R2 in
the logarithm of our eq. (50) is absent in the corresponding
expression (A.9) of Ref. [20].
5 Summary and discussion
In this paper we have applied the stress-tensor method [16]
to the calculation of the surface tension τ of quasi-spherical
vesicles, investigating both closed vesicles (volume con-
straint) and poked vesicles (no volume constraint). In both
cases we have shown that the more standard method based
on differentiating the free energy with respect to the pro-
jected area gives the same results, provided it is performed
in the right way.
In order to describe the elasticity of the vesicle we
have used the simplest Helfrich model, since all its vari-
ants (ADE, BC, etc.) are equivalent in the quasi-spherical
limit [13]. We have made two approximations: i) we have
replaced the membrane area constraint by a Lagrange
multiplier approach with effective surface tension σ; ii) we
have kept all calculations at the Gaussian level. The for-
mer approximation is justified for small excess areas (see
sec. 4C of Ref. [13]). To control the validity of the latter
approximation, we have restricted our investigations to
relative height variations of the membrane with respect
to the reference sphere of less than 5%.
We have calculated the projected stress tensor in spher-
ical geometry. This tool should be useful in other con-
texts. We have thermally averaged it in order to calculate
the actual surface tension τ acting tangentially along the
average membrane surface. Its expression in terms of R
(vesicle radius), σ, κ, kBT , Λ (cutoff) depends on whether
the vesicle is closed or poked. However, numerically the
difference is practically indistinguishable. The flat mem-
brane limit holds when R ≥ 1µm. We have re-obtained
the same expressions for τ by the free-energy approach.
This confirms that the so-called naive measure that we
have used is valid in the Gaussian approximation (see,
e.g., Ref. [12]). We have discussed whether the free-energy
should be differentiated with respect to the area of the
sphere that has the same volume as the vesicle or with re-
spect to the sphere corresponding to the average vesicle’s
shape. We have shown that the correct choice depends on
whether the vesicle is closed or poked, and therefore that
the stress tensor approach is the safest one.
It was shown in Ref. [13] that σ (the Lagrange mul-
tiplier) may become negative. One of our motivation was
to check whether the actual mechanical tension τ could
become negative or not. This would imply that vesicles
could sustain inner pressures lower than the outer pres-
sure (which is impossible for liquid drops). Our analysis
shows that τ may indeed become negative within the va-
lidity range of our Gaussian analysis. For instance, small
vesicles with R = 50 nm can reach negatives tensions of
−10−4N/m with an excess area still less than 1% (see
fig. 3). The so-called “giant vesicles”, with R ≥ 1µm, can
sustain negatives tensions ≃−kBTΛ2/8π which may be of
order −10−6N/m or −10−5N/m depending on the uncer-
tainty on the value of the cutoff. The possibility to sustain
negative tensions, or negative pressure differences, might
be investigated: i) by controlling the outer osmotic pres-
sure, in the case of small vesicles, or ii) by poking a giant
vesicle through by a micropipette to which it would adhere
and gently decreasing its inner pressure.
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An interesting feature, which might be tested experi-
mentally by controlling the pressure outside the vesicle, is
the plateau of fig. 3. One sees that when τ reaches a criti-
cal value τc < 0, the excess area rises dramatically. As dis-
cussed above, this behavior (still within the validity range
of our Gaussian approximation) probably corresponds to
the transition to oblate shapes. For small vesicles we find
that it corresponds roughly to τcR
2/κ ≈ −5 while for
giant vesicles it is given by τc ≃ −kBTΛ2/(8π). Hence,
applying the Laplace pressure formula ∆P = 2τc/R, we
find that the critical pressure difference yielding the shape
transition is ∆Pc ≈ − sup[10κ/R3, kBTΛ2/(4πR)].
Finally, a possible way to measure the difference be-
tween τ and σ, suggested to us by L. Limozin [33], would
be to pursue experiments on adhering vesicles similar to
those of Rae¨dler et al. [31]. In these experiments, the
tension is deduced both from the fluctuation spectrum
of the adhering part and from the contact angle ϑeff via
the Young-Dupre´ relation, the adhesion energy being es-
timated using the distance to the substrate. From our un-
derstanding, the former method should give σ and the lat-
ter one should give τ . By way of illustration, the results
of Ref. [31] for σ ≃ 1.7× 10−5 J/m2 gave an adhesion en-
ergy σ[1− cos(ϑeff)] ≃ 1.3×10−9 J/m2 significantly larger
than the value Wa = 8 × 10−10 J/m2 estimated from the
membrane–substrate separation. The authors of Refs [31]
and [32] point out that this problem is recurrent. If the
correct relation is rather τ [1 − cos(ϑeff)] = Wa then we
obtain τ ≃ 1.1× 10−5 J/m2, which is compatible with the
formula σ − τ ≃ kBTΛ2/(8π) [see eq. (38)] if one takes
Λ−1 ≃ 5 nm. More experimental studies along these lines
would be welcome.
***
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A Derivation of the stress tensor
In Sec. 2.2, we explained the general method to derive the
stress tensor. Here we give the details of this calculation.
In order to compare eqs. (9) and (10), one needs to obtain
δθ, δφ, δu, δuθ and δuφ in terms of δa. The first three
can be obtained by identifying the new membrane shape
u˜ = u+δu with the old one translated: R[1+ u˜(θ+δθ, φ+
δφ)] er(θ+ δθ, φ+ δφ) = R[1+ u(θ, φ)] er+ δa. This leads
to
δar = R (uθ δθ + uφ δφ+ δu) , (51)
δaθ = R (1 + u) δθ , (52)
δaφ = R (1 + u) sin θ δφ . (53)
Let δn = n˜(θ + δθ, φ + δφ) − n(θ, φ) be the variation of
the normal, where n˜ is the normal to the shape defined
by u˜(θ, φ) and n = tθ × tφ/|tθ × tφ|, with ti = ∂ir. The
variation of the normal vanishes (implying no work of the
torques) if δn · tθ = 0 and δn · tφ = 0 over the border.
This leads to
δuθ =
1
1 + u
{
δθ
[
(1 + u)
2
+ 2u2θ − (1 + u)uθθ
]
+
δφ
sin θ
[
(1 + u)uφ cos θ − (1 + u)uθφ sin θ
+ 2uφuθ sin θ
]
+ δu uθ
}
, (54)
δuφ =
1
1 + u
{
δθ
[
(1 + u)uφ cot θ + 2uθuφ
− (1 + u)uθφ
]
+ δφ
[
(1 + u)
2
sin2 θ + 2u2φ
− (1 + u) (uθ cos θ sin θ + uφφ)
]
+ δu uφ
}
. (55)
These equations, combined with eqs. (51–53), allow us to
write δuθ and δuφ in terms of δa. Up to order u
2, we
obtain
δθ =
δaθ
R
(
1− u+ u2) , (56)
δφ =
δaφ
R sin θ
(
1− u+ u2) , (57)
δu =
1
R
[δar − (1− u) (δaφuφ csc θ + δaθuθ)] , (58)
δuθ =
1
R
{
δar (1− u) uθ + δaθ
[
1 + u2θ − (1− u) uθθ
]
+ δaφ csc θ
[
uφ [(1− u) cot θ + uθ]− (1− u)uθφ
]}
,
(59)
δuφ =
1
R
{
δaθ
[
uφ [(1− u) cot θ + uθ]− (1− u)uθφ
]
+ δar (1− u) uφ + δaφ csc θ
[
sin2 θ + u2φ
− (1− u) (uφφ + uθ cos θ sin θ)
]}
. (60)
These expressions are to be inserted into eq. (9). Note that
it is necessary to expand h at O(u3) in order to obtain
∂h/∂ui and ∂h/∂uij consistently at O(u2) in eq. (9). This
means adding
h3 = −κ sin θ
{
4 csc4 θ uφ uθ uθφ + 2u
2
θ uθθ
− 2u2φ csc2 θ
(
uφφ csc
2 θ − uθ cot θ
)
+ u
[
u2θθ + u
2
θ
(
2 + cot2 θ
)
+ 2u2φ csc
2 θ + u2φφ csc
4 θ
+ 2uθ uθθ cot θ + 2uθ uφφ csc
2 θ cot θ + 2uθθ uφφ csc
2 θ
]
+ 2u2
(
uθθ + uθ cot θ + uφφ csc
2 θ
)}
, (61)
to eq. (6) before calculating the derivatives. Comparing
eqs. (9) and (10), we obtain finally
see eqs. (62–67).
These expressions are valid up to O(u2).
A.1 Planar limit
In order to check the expressions (62–67), we consider the
limit R → ∞, which should yield the stress tensor for a
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Σθθ =
1
2R
{
R
2
σ sin θ
(
2 + 2u+ u2φ csc
2
θ − u2θ
)
+ κ
[
u
2
φφ csc
3
θ − u2θθ sin θ + 2uθ (uθφφ csc θ + uθθθ sin θ)
]
+κ csc θ
[
2u2φ − u
2
θ cos
2
θ − 2uφφ (1 + uθ cot θ) + 4u
(
uφφ − uθθ sin
2
θ
)]
+2κ [uθθ (sin θ + uθ cos θ) + (2u− 1)uθ cos θ]
}
, (62)
Σφθ = −Rσuθuφ +
κ
R
(2uθφ − uφ cot θ) +
κ
R
(
4u uφ cot θ − uφ uφφ cot θ csc
2
θ + uθuφ − 4uuθφ − uφφ uθφ csc
2
θ
− uθ uθφ cot θ + uφ uθφφ csc
2
θ + 2uφ uθθ cot θ − uθφuθθ + uφuθθθ
)
, (63)
Σrθ = Rσuθ sin θ −
κ
R
[(1− 2u)uθ (2 sin θ − csc θ) + uθθ cos θ − 2uφφ cot θ csc θ + uθφφ csc θ + uθθθ sin θ]
−
κ
R
[
2u2φ cot θ csc θ − u
2
θ cos θ + 4uuφφ cot θ csc θ − 2uuθθ cos θ
−2uuθφφ csc θ − 2uuθθθ sin θ + uφφ uθ csc θ − 3uθ uθθ sin θ] , (64)
Σφφ =
1
2R
{
R
2
σ
(
2 + 2u− u2φ csc
2
θ + u2θ
)
+ κ
[
−u2φφ csc
4
θ + u2θθ + 2uφ csc
2
θ
(
uφφφ csc
2
θ + uθθφ
)]
+κ csc2 θ
[
2u2φ + u
2
θ
(
3 sin2 θ − 1
)
+ 2uφφ (1− uθ cot θ − 2u)
]
+ 2κ (1− 2u)uθ cot θ − 2κ (1− 2u)uθθ
+2κuφ uθφ csc
2
θ cot θ
}
, (65)
Σθφ = −Rσuθ uφ csc θ +
κ csc θ
R
[
(uφ cot θ − uθφ)
(
−2 + 4u+ uθθ + uφφ csc
2
θ
)
+ uθ uφ
(
1 + csc2 θ
)
+ uθ(uφφφ csc
2
θ + uθθφ)
]
, (66)
Σrφ =
csc θ
R
[
uφ
(
R
2
σ − 2κ+ 4κu+ 3uφφ csc
2
θ + 3uθ cot θ − uθθ
)
− κ (1− 2u)
(
uθφ cot θ + uθθφ + uφφφ csc
2
θ
)]
. (67)
flat membrane [10]. We consider a general point (θ, φ) on
the sphere and we define a local system of cartesian coor-
dinates (x, y, z) such that dx = Rdθ, dy = R sin θ dφ, and
dz = dr. We want to determine the stress tensor Σ′ in
these new coordinates. The component of the elementary
force dfα along a general direction α ∈ {x, y, z} exerted
through a cut perpendicular to x reads dfα = Σ
′
αx dℓ =
Σαθ dφ, with the correspondence dℓ = R sin θ dφ. Thus
we have Σ′αx = Σαθ/(R sin θ). Likewise, Σ
′
αy = Σαφ/R
since in this case dℓ = Rdθ. In the limit of large R,
the plane tangent to the sphere at the point (φ, θ) be-
comes the reference plane of the membrane, and the height
of the membrane over this plane is h(x, y) = Ru(θ, φ).
Hence, uθ = Rux = hx, uφ = R sin θ uy = sin θ hy,
uθθ = R
2 uxx = Rhxx, uφφ = R
2 sin2 θ uyy = R sin
2 θ hyy,
etc. Keeping the terms that are dominant in the limit
R→∞, we obtain
Σxx = σ +
σ
2
(
h2y − h2x
)
+
κ
2
(
h2yy − h2xx
)
+ κhx∂x∇2h , (68)
Σyx = −σhxhy − κhxy∇2h+ κhy∂x∇2h, (69)
Σzx = σhx − κ∂x∇2h, (70)
Σyy = σ +
σ
2
(
h2x − h2y
)
+
κ
2
(
h2xx − h2yy
)
+ κhy∂y∇2h , (71)
Σxy = −σhxhy − κhxy∇2h+ κhx∂y∇2h, (72)
Σry = σhy − κ∂y∇2h, (73)
which agree with [10].
B Correlation functions and relations among
them
There are five fundamental correlation functions, which
we have calculated explicitly:
see eqs. (84–88).
The other correlation functions either vanish or may be
deduced from them, as explained below. Using the rela-
tion:
∂n+1Y ml (θ, φ)
∂φn+1
∂p−1Y ml (θ, φ)
∗
∂φp−1
=
−∂
nY ml (θ, φ)
∂φn
∂pY ml (θ, φ)
∗
∂φp
, (74)
which holds also in the presence of derivatives with re-
spect to θ, one deduces the following rule: when averaging
a product of two terms one may pass a derivative with
respect to φ from one term to the other one while multi-
plying by −1. hence,
〈u2φ〉 = −〈u uφφ〉 , (75)
〈uφ uθ〉 = −〈u uφθ〉 , (76)
〈uφ uθθ〉 = −〈uθ uφθ〉 . (77)
An interesting consequence is that averages implying an
odd number of derivatives with respect to φ vanish:
〈u uφ〉 = 0 , (78)
〈uθ uφ〉 = 0 , (79)
〈uφ uφφ〉 = 0 , (80)
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〈uθ uθφ〉 = 0 , (81)
〈uθθ uθφ〉 = 0 , (82)
〈uφφ uθφ〉 = 0 . (83)
Starting from the addition theorem for spherical harmon-
ics, one may show by suitable differentiations that the sum
l∑
m=−l
∂kY ml (θ, φ)
∂θk
∂pY ml (θ, φ)
∗
∂θp
(89)
vanishes for k + p odd, implying:
〈u uθ〉 = 0 , (90)
〈u uθθθ〉 = 0 . (91)
Note that this does not hold when derivations with respect
to φ are also involved.
Starting again from the addition theorem, one may
show that
l∑
m=−l
∂k+1Y ml (θ, φ)
∂θk+1
∂p−1Y ml (θ, φ)
∗
∂θp−1
= −
l∑
m=−l
∂kY ml (θ, φ)
∂θk
∂pY ml (θ, φ)
∗
∂θp
. (92)
It follows that, when averaging a product of two terms one
may pass a derivative with respect to θ from one term to
the other one while multiplying by −1. This holds only,
however, in the absence of derivatives with respect to φ.
As a consequence,
〈uθ uθ〉 = −〈u uθθ〉 , (93)
〈uθ uθθθ〉 = −〈uθθ uθθ〉 . (94)
Finally, one may also use the fact that ∆Y ml (θ, φ) = 0,
where∆ is the laplacian in spherical coordinates, to obtain
〈uθ uθθ〉 = cot θ〈u uθθ〉 − csc2 θ〈uθ uφφ〉 . (95)
Since 〈uθ uθθ〉 vanishes, on obtains
〈uθ uφφ〉 = − sin θ cos θ 〈u2θ〉 . (96)
In conclusion, eqs. (84–88), together with eqs. (75–83),
eqs. (90–91) and eq. (96) give all the correlation functions
of the derivatives of u.
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〈
u
2
φ
〉
=
∑
ω,ω′
∂φY
m
l (θ, φ) ∂φY
m′
l′ (θ, φ) 〈ulmul′m′ 〉 =
∑
ω
kBT
H˜l
∂φY
m
l ∂φ(Y
m
l )
∗ =
∑
ω
kBT
H˜l
m
2|Y ml |
2
,
= sin2 θ
kBT
4pi
L∑
l=2
l (l + 1) (2l + 1)
2H˜l
, (84)
〈
u
2
φφ
〉
=
∑
ω
kBT
H˜l
m
4|Y ml |
2 = sin2 θ
kBT
4pi
L∑
l=2
l (l + 1) (2l + 1)
8H˜l
[
4 + 3
(
−2 + l + l2
)
sin2 θ
]
, (85)
〈
u
2
θ
〉
=
∑
ω
kBT
H˜l
∂θY
m
l ∂θ(Y
m
l )
∗ =
kBT
4pi
L∑
l=2
l (l + 1) (2l + 1)
2H˜l
, (86)
〈
u
2
θθ
〉
=
∑
ω
kBT
H˜l
∂
2
θY
m
l ∂
2
θ(Y
m
l )
∗ =
kBT
4pi
L∑
l=2
l (l + 1) (2l + 1)
(
−2 + 3l + 3l2
)
8H˜l
, (87)
〈uθuθφφ〉 = −
∑
ω
kBT
H˜l
m
2
∂θY
m
l ∂θ (Y
m
l )
∗ = −
kBT
4pi
L∑
l=2
l (l + 1) (2l + 1)
2H˜l
[
1 +
(l + 3) (l − 2)
4
sin2 θ
]
. (88)
